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Abstract— The chattering response at the MRP shadow set
switching point for the controlled attitude dynamics of a rigid
tumbling spacecraft using delayed state feedback control with
MRPs is investigated, where the time delay is assumed to be in
the measurement of the state. In addition, a strategy to reduce
or completely avoid the chattering phenomena using a hysteretic
boundary layer switching rule is employed. Simulations are
performed to demonstrate the chattering phenomenon and the
advantages of the modified MRP shadow set switching rule.
I. INTRODUCTION
Attitude representation depends on the choice of attitude
parameters used to represent the orientation of a rigid body
relative to an inertial frame see, e.g. [1]–[4] . Attitude
parameters can be either the rotation matrix, the principal
angle and principal axis, Euler angles (EA), Euler parameters
or quaternions (EPs), classical Rodriguez parameters (CRPs)
or modified Rodriguez parameters (MRPs), among others [3].
The principal rotation vector is a basis for many attitude rep-
resentations, but it has the disadvantage of the mathematical
singularity for zero rotation. EAs are easy to visualize, but
the reference frame is never more than 90 degrees rotation
from a singularity. EPs, on the other hand, have considerable
benefits including the facts that they are nonsingular and their
corresponding kinematic equation is linear, and hence are
widely used in spacecraft attitude studies. However, they are
quite hard to visualize. CRPs, also known as Gibbs vector,
reduce the EPs to a minimal three-parameter set. Based
on their definition, they are much better suited for large
spacecraft rotations than EAs. A further improved attitude
representation, known as MRPs, moves the singularities to
360o rotation instead of 180o as in the case of CRPs.
On the other hand, in recent decades, the problem of de-
layed feedback control has been subject to intensive research
because of the wide range of applications in mechanical
systems such as spacecraft attitude maneuvers [5], [6] ,
underwater vehicles [7] , cooperative robot manipulators
[8] , etc. In addition, in some practical applications, there
is a time delay within the control system due to the delay
in the communication channel or the actuator delay. Few
studies have focused on delayed feedback control of attitude
dynamics [9]–[17]. A velocity free output-based controller
for attitude regulation of a rigid spacecraft considering the
effects of a known time delay in the system is presented
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in [12] . Sufficient conditions for attitude stabilization of the
spacecraft were also obtained. In [9] , a linear state feedback
controller with unknown time delay and known upper bound
in the feedback path using a frequency domain approach is
designed. A complete type Lyapunov-Krasovskii functional
was constructed to ensure the stability robustness of linear
controller. An estimate of the region of attraction was then
obtained and the exponential stability of the system in this
region guaranteed. Kim and Crassidis [13] implemented a
nonlinear robust controller followed by an optimal design
algorithm on a spacecraft attitude dynamics without any an-
gular velocity measurements in the presence of the constant
time delay in the control signal. The closed loop system is
shown to be stable for a norm bounded nonlinear uncertainty.
The delayed feedback stabilization of rigid spacecraft attitude
dynamics in the presence of stochastic input torques and
an unknown time-varying delay in the measurement is also
addressed in [10]. By employing a linear state feedback
controller via a Lyapunov- Krasovskii functional, a general
delay-dependent mean-square stability condition was charac-
terized for the closed-loop parameterized system in terms of
a linear matrix inequality (LMI). A quadratic cost function
was applied to the derived LMI to achieve a suboptimal
control performance for the parameterized system. An es-
timate of the region of attraction of the controlled system
is also obtained, inside which the asymptotic stability of the
parameterized system is guaranteed in the mean square sense.
MRPs provide a minimal attitude representation; however
they suffer from nonuniqueness as well as a singularity
after one complete revolution. A unique singularity free
representation of attitude can be obtained if switching to
the shadow set is implemented. However, in most of the
works in the delayed feedback control design where MRPs
are employed see, e.g. [9], [10] , switching has not been
considered since it is assumed that the magnitude of the
MRP set is always less than one. However, this is a restrictive
assumption for the purpose of the control design and needs to
be addressed properly. The same issues can emerge when the
MRPs are used for the attitude filtering [18]. In this paper,
we investigate the chattering phenomenon for the controlled
attitude dynamics of a spacecraft in the presence of a constant
known time delay in the measurement when the spacecraft
is tumbling through the MRP switching point. In addition,
the chattering avoidance is also addressed to eliminate this
phenomena in the state variables of the system. We assume
that there is a constant known time delay in the measurement
which causes the time delay to appear in the feedback loop.
Here, the time delay is considered to exist in the sensors,
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while in [16] , the time delay appears in the actuators. By
employing a linear state feedback controller to the closed-
loop system and switching between the standard and alternate
(shadow) MRP sets to describe a certain attitude, asymptotic
stability of the parameterized system can be guaranteed for
a wide range of attitude maneuvers. The main objective of
this paper is to show that there is a significant drawback to
this approach when the rigid body is tumbling and switch-
ing to the shadow set is employed. The delayed feedback
controller can cause chattering phenomenon for the attitude
representation, and the asymptotic stability of the system
is no longer guaranteed. To reliably avoid the chattering
phenomena, boundary layer solutions are employed to ad-
dress the asymptotic stability of the system in the finite
time. A set of simulations are performed to show that the
chattering phenomenon on the delayed feedback control of
tumbling spacecraft can happen and the chattering effect can
be eliminated by using the boundary layer method on the
response of the closed loop system.
This paper is organized as follows: In section II, we
represent an attitude dynamics model using MRPs and then
introduce two sets of MRPs which describe the same orien-
tation. Section III implements a linear delayed state feedback
control law to the parameterized system and then the closed-
loop system is obtained in terms of new state variables.
In section IV, we investigate the response of the delayed
feedback controlled system when the spacecraft is near
tumbling situation for two different strategies where either
the current or the delayed values of the attitude parameters
are available for the measurement and we will show that
the chattering phenomena occurs in the response of the
controlled system. To eliminate the chattering phenomenon,
in Section V, we implement the boundary layer method to
the control design in order to asymptotically stabilize the
closed-loop parameterized system. Section VI concludes the
paper.
II. SYSTEM MODELING
In this paper, the spacecraft is modeled as a rigid body ex-
pressed in the body-fixed coordinate frame B. To describe the
orientation of the spacecraft relative to the inertial frame N ,
MRPs are employed as the set of three-dimensional attitude
parameterization. The MRPs, denoted by σ(t) ∈ R3, can
provide a minimal representation; however they suffer from
nonuniqueness as well as a singularity after one complete
revolution. A unique non-singular minimal set of attitude
parameters can be obtained if switching to the shadow set
when ‖σ(t)‖ = 1 are employed such that ‖σ(t)‖ ≤ 1 [3],
where ‖.‖ represents the Euclidean norm of a vector. More
details about different set of attitude coordinates can be found
in, see e.g [1]–[4]. The MRP attitude parameterization can
be introduced in terms of a nonlinear function of Eulers
principal rotation elements as
σ = tan
Φ
4
eˆ, (1)
where eˆ is a unit eigenvector along the principle axis of
rotation and Φ is the principle rotation angle. As is mentioned
Fig. 1: stereographical projection of Euler parameters to
MRPs [3]
in the above, the MRPs are non-unique. Therefore there
are two different MRP sets for each attitude. This is due
to the fact that principle rotation elements are non-unique,
i.e., two different sets of principle rotation elements (eˆ,Φ)
and (eˆ, 2pi − Φ) can be defined for each attitude. Thus, the
MRP shadow set can be obtained using the alternate principle
rotation set (eˆ, 2pi − Φ) as
σs(t) = − 1‖σ‖2σ(t), (2)
which represents the same orientation as σ(t). The original
and shadow MRP sets can be also visualized by considering
the stereographical projection of Euler parameters to MRPs
[3] as illustrated in Fig.(1), where β0 is the scalar part and
β = (β1, β2, β3)
T is the vector part of the quaternions.
The quaternion constraint
3∑
i=1
β2i = 1 always holds. As is
shown in Fig.(1) when one set of MRPs leaves the unit
sphere ‖σ(t)‖ = 1 the other set enters the sphere. Thus
by performing the switching between the sets we always
constrain the MRP set to remain inside the unit sphere while
representing the same orientation for the spacecraft.
Considering there are three actuators acting along or-
thogonal axes in frame B, the attitude dynamics of a rigid
spacecraft can be obtained as
σ˙(t) =
1
4
B(σ(t))ω(t)
ω˙(t) = −J−1ω×(t)Jω(t) + J−1u(t), (3)
where ω(t) ∈ R3 is the angular velocity, u(t) ∈ R3 is the
control torque vector, J is the inertia matrix, and (·)× is
defined as
ω× =
 0 −ω3 ω2ω3 0 −ω1
−ω2 ω1 0
 , (4)
The first part of Eq.(3) is the kinematic differential equa-
tion which is analogous to Poisson’s equation C˙(t) =
−ω(t)×C(t) where C(t) ∈ SO(3) is the direction cosine
matrix that rotates vectors from N to B, while the second
part represents the rotational dynamics (Euler’s equation).
It should be noted that in Eq.(3), it is assumed that the
individual dynamics of the sensors and actuators are not
considered. The nonlinear function B(σ) in Eq(3) can be
expressed as
B(σ) =
[(
1− σTσ) I3 + 2σ× + 2σσT ] , (5)
where I3 is the 3 × 3 identity matrix. Defining the new
state variable x(t) = [σT (t), 14ω
T (t)] ∈ R6, Eq.(3) can be
rewritten in the following form:
x˙(t) = Ax(t) +Bu(t) + f(x(t)), (6)
where
A =
[
03×3 I3×3
03×3 03×3
]
, B =
[
03×3
1
4J
−1
3×3
]
f(x(t)) =
[
f1
f2
]
=
[
[B(x1(t))− I3]x2(t)
−4J−1x˜2(t)Jx2(t)
]
∈ R6,(7)
x1(t) and x2(t) are components of state variable x(t),
f(x(t)) : D → Rn is a piecewise continuous function, and
D ⊂ Rn is a domain of the system.
Eq.(3) can be linearized about σ = 0 as
σ˙ =
1
4
ω(t) (8)
ω˙(t) = J−1u(t)
Note that the MRP’s linearize as angles over four, i.e.
|~σ| ≈ Φ4 , so that there is a wide range of attitude maneuvers
for which the linearized approximation is valid [3]. This
linearizion can help us to design a suitable linear delayed
feedback controller for the attitude dynamics which will be
discussed in the next following section.
III. DELAYED STATE FEEDBACK CONTROLLER
Let us consider a linear delayed state feedback controller
as
u(t) = Kx(t− τ), (9)
where τ represents the constant time-delay, K =
[4JK1 JK2] ∈ R3×6 and K1,K2 ∈ R3×3 are constant con-
troller gain matrices. It is shown in [10] that the above state
feedback controller can stabilize the parametrized model
in Eq. (6) such that all the angular velocities and attitude
parameters go to zero as t → ∞ in some region of the
domain D that contains the origin in the presence of a time-
varying delay in the feedback path, i.e., limt→∞ ‖ x(t)‖ = 0.
Therefore, substituting Eq.(9) into Eq(6), the closed loop
system can be obtained in the form of a nonlinear delay-
differential equation (DDE) as
x˙(t) = Ax(t) +BKx(t− τ) + f(x(t)), t ≥ 0,
x(θ) = φ(θ), −τ(t) ≤ θ ≤ 0, (10)
where φ(θ) is the initial function and the infinite dimensional
state defined by xt(θ) = x(t+θ),−τ ≤ θ ≤ 0 resides in the
Banach space C([−τ, 0],R6), and the matrix BK is defined
as
BK =
[
03×3 03×3
K1 K2
]
∈ R6×6.
A suitable choice of the control gain matrix K can be
obtained by solving a LMI feasibility problem through a
Lyapunov-Krasovskii functional candidate (see.e.g., [19]) as
presented in [10] . However, switching between the original
and shadow MRP sets has not been employed in this study
since the assumption ‖σ‖ < 1, ∀t ≥ 0 has been made.
IV. CHATTERING BEHAVIOR AT MRP SWITCHING POINT
In this section, we explore the controlled response of
Eq.(10) when the spacecraft is tumbling through the MRP
switching point ‖σ(t)‖ = 1. Consider a rigid spacecraft
with inertia matrix J = diag(140, 100, 80). It initially starts
at Φ = 171.6913◦ and eˆ = [1, 0, 0]T with the initial
angular velocity ω = [0.46, 0, 0]T ( radsec ). the spacecraft has
a large initial MRP and the angular velocity that cause the
spacecraft tumble through Φ = 180◦ about the first body
axis. Initial conditions in terms of MRPs can be obtained
as σ = [0.93, 0, 0]T . Let us assume that there is no time
delay in the measurement and the spacecraft can be stabilized
by the linear controller Eq(9) without considering the time
delay, i.e., τ = 0 and u(t) = Kx(t). To obtain the control
gain matrix K for this scenario, we substitute the controller
u(t) = Kx(t) into the linearized model of Eq.(8) and then
the resulting closed-loop dynamical system can be rewritten
in the form of a second order linear system as
σ¨ −K2σ˙ −K1σ = 0, (11)
where K = [4JK1 JK2] and K1,K2 are positive constant
control gain matrices. The control gain matrix K is chosen
as
K =
 −70.11 0 0 −163.08 0 00 −70.11 0 0 −163.08 0
0 0 −70.11 0 0 −163.08
 , (12)
in order to obtain an overdamped response for the controlled
system. The state variables are measured at the frequency of
1kHz and the results are shown Fig. (2). As shown in this
figure, when the spacecraft encounters a tumbling motion
through Φ = 180◦ at t = 0.449(sec). Then, the system
switches to the MRP shadow set and the control law can suc-
cessfully regulate the state variables at the origin. Now, let us
assume that there is a time delay in the measurement for the
same spacecraft. Thus, we can implement the above example
to the time-delayed system in Eq.(10) with τ = 0.5(sec) and
the same initial condition and the control gain matrix K as
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Fig. 2: Response of the controlled system of Eq.(10) when
the spacecraft is tumbling through the MRP switching point
‖σ(t)‖ = 1 and there is no time delay in the measurement,
i.e. τ = 0 using a simple controller u(t) = Kx(t).
in Eq.(12). Figure (3) shows the effect of this time delay on
the behavior of the controlled system response. As seen in
this figure, at the beginning of the stabilization process the
existence of the time delay causes the chattering phenomenon
to occur for the state variables which didn’t arise for the
system without time delay. Moreover, it should be noted that
in this simulation we are assuming that whenever ‖σ(t)‖ = 1
the system switches to the shadow MRP set. This scenario
is not a practical strategy since the presence of the time
delay in the measurement causes the current value of σ(t) is
not available for the purpose of the switching to the shadow
MRP set. The other strategy which is more practical is that
the switching point sets at ‖σ(t− τ)‖ = 1 which is the
latest available information from the measurement. Then the
system switches from σ(t) to the corresponding σs(t). We set
τ = 0.5(sec). Figure (4) shows the results of implementing
this strategy. A zoomed plot of the attitude coordinates in
Fig. (4) is also depicted in Fig(5). As seen in these figure,
the attitude coordinate σ1(t) jumps between the standard and
shadow MRP sets as t→∞ and never goes to zero. It should
be noted that in this set of simulations the original controlled
MRP set does not go through the geometric singularity at
Φ = 360◦. Thus switching to the shadow set is not required
since the controller can stabilize the original MRP set to
desired stable orientation, i.e, Φ = 0◦ before it reaches to
the singular orientation at Φ = 360◦. This fact is shown in
Fig(6) when we do not implement the switching rule to the
system.
V. CHATTER AVOIDANCE USING A HYSTERETIC
BOUNDARY LAYER SWITCHING RULE
As seen in the previous section, the chattering phe-
nomenon occurs in the response of attitude controlled system
when there is a time-delay in the measurement. Different ap-
proaches are proposed for chattering avoidance in mechanical
systems (see e.g., [20]–[23] ). In [20], sliding mode control
(SMC) approach is used to provide the desired substrate
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Fig. 3: Chattering response of the controlled system of
Eq.(10) when there is a time delay in the measurement and
the spacecraft is tumbling through the MRP switching point
‖σ(t)‖ = 1 using the delayed feedback controller.
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Fig. 4: Chattering response of the controlled system of
Eq.(10) when there is a time delay in the measurement and
the spacecraft is tumbling through the MRP switching point
‖σ(t− τ)‖ = 1 using the delayed feedback controller.
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Fig. 5: A zoomed plot of the chattering response of the
controlled attitude coordinates when there is a time delay
in the measurement and the spacecraft is tumbling through
the MRP switching point ‖σ(t− τ)‖ = 1 using the delayed
feedback controller.
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Fig. 6: Response of the controlled system of Eq.(10) without
shadow set switching using the delayed feedback controller
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Fig. 7: Implementing the boundary layer switching rule to
Eq.(10) when there is a time delay in the measurement and
the spacecraft is tumbling through the MRP switching layer
B(t) with  = 0.005 using the delayed feedback controller.
motion trajectory for the dynamic model of nanoparticle
displacement, despite the challenges in the piezoelectric sub-
strate motion control, consisting of thermal drift, hysteresis,
and other uncertainties. The objective of this section, on the
other hand, is implementing the boundary layer switching
rule to the closed-loop dynamical system to eliminate the
chattering phenomena in the state variables of the system.
For this aim, we define a thin boundary layer in the bordering
of the switching point ‖σ(t)‖ = 1 as
B(t) = {σ(t) | 1 ≤ ‖σ(t)‖ ≤ 1 + ,  > 0}, (13)
where  is the positive constant scalar which represents
the boundary layer thickness. Thus, instead of having a
switching point we consider a switching layer for the MRP
set. For the scenario in which switching occurs at the
delayed value of the MRP set, switching to the shadow set
is implemented when ‖σ(t− τ)‖ is inside the layer while
on the outside of B(t), the switching rule is off. Figure
(7) shows the result of implementing the boundary layer
switching rule to closed-loop dynamical system of Eq.(10)
with the same system parameters and control gain matrix
as the previous examples when  = 0.005. As seen in
this figure the chattering phenomena caused by unwanted
switchings between the original and shadow MRP sets due
to the existence of the time delay in the measurement is
eliminated by implementing the boundary layer switching
rule. It should be noted that the choice of  can determine the
number of unwanted chatterings in the response of the MRP
set. For the large value of  we may observe that the system
response chatters at the beginning of stabilization process
and then the controller can stabilize the closed-loop system
while for small value of  the chattering phenomena can be
eliminated from the controlled response of the MRP set.
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